Introduction
All groups considered throughout this paper are finite.
Let G be a finite group. An automorphism σ of G is called a Coleman automorphism if the following three conditions are fulfilled: (I) the restriction of σ to any Sylow subgroup of G equals the restriction of some inner automorphism of G; (II) σ preserves the conjugacy classes of G; (III) σ 2 ∈ Inn(G), where
Inn(G) denotes the inner automorphism group of G. This definition was initially introduced by Marciniak and Roggenkamp in [17] . Denote by Aut C (G) the group of all Coleman automorphisms of G. Obviously, Inn(G) Aut C (G). Write Out C (G) := Aut C (G)/Inn(G). We should point out that the notion of "Coleman automorphisms" also occurred in the literature [8] , where Coleman automorphisms of a group G refer to the automorphisms merely satisfying condition (I) mentioned above. To avoid confusion, we emphasize that Coleman automorphisms discussed in this paper always refer to that introduced by Marciniak and Roggenkamp. Coleman automorphisms play an important role in the study of the normalizer problem of integral group rings. Let ZG be the integral group ring of G over Z. Denote by U(ZG) the unit group of ZG, N U(ZG) (G) the normalizer of G in U(ZG) and Z(U(ZG)) the center of U(ZG). It is easy to see that N U(ZG) (G) ≥ G · Z(U(ZG)). The normalizer problem raised by Sehgal in [23] asks whether or not N U(ZG) (G) = G · Z(U(ZG)) for any finite group G. If it has a positive answer for G, then we say the normalizer property holds for G. It should be pointed out that Hertweck in [3] constructed a finite metabelian group of order 2 25 · 97 2 for which the normalizer problem has a negative answer. Nevertheless, it is still interesting to determine for which group the normalizer property holds. For more recent positive results on this topic, refer to [2, [4] [5] [6] [7] [8] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . To see how Coleman automorphisms occur naturally in the study of the normalizer problem, we shall recall an equivalent form of the problem. Denote by Aut Z (G) the group of all the automorphisms ϕ u of G each of which is induced by some
Obviously,
A question raised by Jackowski and Marciniak in [9] asks whether or not Out Z (G) = 1 for any finite group G. One can check that this question is equivalent to the normalizer problem mentioned above. It is known that Aut Z (G) ≤ Aut C (G). So, if one can show that Out C (G) = 1 then Out Z (G) = 1 and thus the normalizer property holds for G. This is the starting point of studying Coleman automorphisms. In this direction, a lot of results on Coleman automorphisms appeared in the literature, see [6, 8, 9, 11, 15, 17, 18] . The aim of this paper is to investigate Coleman automorphisms of standard wreath products of nilpotent groups by groups with prescribed Sylow 2-subgroups. The motivation arises from an example of group G ∼ = (C 4 2 ×C 3 ) C 3 2 constructed by Marciniak and Roggenkamp in [17] for which Out C (G) = 1, although Out C (C 4 2 × C 3 ) = 1 and Out C (C 3 2 ) = 1. This motivates us to consider the question when Out C (G) = 1 if G is an extension of two groups each of which has that property. It is known that Out C (N ) = 1 for any finite nilpotent group N . In addition, Hertweck in [6] proved that Out C (H) = 1 for any finite group H whose Sylow 2-subgroups are either cyclic, dihedral or generalized quaternion. By using techniques developed by Petit Lobão and Sehgal in [21] and among others, we shall prove the following main result (Theorem 3.1).
Theorem A. Let G = N wrH be the standard wreath product of N by H, where N is a finite nilpotent group and H is a finite group whose Sylow 2-subgroups are either cyclic, dihedral or generalized quaternion. Then Out C (G) = 1.
As an application of Theorem A, we have the following result (Corollary 3.3).
Corollary B. Let G = AwrH be the standard wreath product of A by H, where A is a finite abelian group and H is a finite Frobenius group. Then
Out C (G) = 1.
Notation and Preliminaries
In this section, we first fix some notation and then present some lemmas which will be used in the sequel. Let G be a finite group. Denote by |G| the order of G and π(G) the set of all primes dividing |G|. Let p ∈ π(G). Write p for the set of primes not in {p}. Denote by O p (G) and O p (G) the largest normal p-subgroup and p -subgroup of G, respectively. Let H be a subgroup of G. As usual, C G (H) denotes the centralizer of H in G and Z(G) denotes the center of G. For a fixed element x ∈ G, denote by conj(x) the inner automorphism of G induced by x via conjugation, i.e.
Let σ be an automorphism of G.
Write σ| H for the restriction of σ to H. Suppose further that H is normal in G and fixed by σ. Then we denote by σ| G/H the automorphism of G/H induced by σ in the natural way. Other notation used will mostly be standard, refer to [22] . 
Lemma 2.2 ([5, Proposition 4.7; 6, Theorem]). Let G be a finite group whose Sylow 2-subgroups are either cyclic, dihedral or generalized quaternion. Then
Let p be a prime. Recall that a finite group G is said to be p-constrained if
Lemma 2.3 ([1, Corollary 2.4]).
Let G be a finite group such that G is a pconstrained group with O p (G) = 1. Assume that P is a Sylow p-subgroup of G and σ is an automorphism of G such that σ| P = id| P . Then σ = conj(x) for some x ∈ Z(P ). In particular, Out C (G) = 1.
Lemma 2.4. Let G be a finite group and N G, and let σ be an automorphism of G of p-power order with p a prime. Suppose that there is
That is, σ| N = conj(y)| N . We are done. 
Proof.
The proof is similar to that of Lemma 2.4, so we omit it. 
Proof. This is a direct consequence of [8, Corollary 3] .
Proof of Theorem A
In this section, we present a proof for Theorem A. For the consistency and the reader's convenience, we write Theorem A here as: H 2 . Then S is a Sylow 2-subgroup of G. Let σ ∈ Aut C (G). We have to show that σ ∈ Inn(G). For this purpose, we proceed by confirming the following four claims one by one.
Claim 1. We may assume σ| S = id| S and σ is of 2-power order.
Since by assumption σ ∈ Aut C (G), it follows that there exists x ∈ G such that σ| S = conj(x)| S , or equivalently, conj( we may set
Note that N m = P 1 × · · · × P r , so we can decompose each n i as n i = n i1 · n i2 · · · n ii · · · n ir with n ik ∈ P k , where k = 1, 2, . . . , r. Note further that P i G and hence h i −1 x i h i ∈ P i . Then (3.2) may be written as
For any z i ∈ Z(P i ), by (3.3), we have
Now, take any two distinct Sylow subgroups P i and P j of N m . Then, on the one hand, by (3.4), for any z i ∈ Z(P i ) and any z j ∈ Z(P j ), we have
On the other hand, since σ ∈ Aut C (G), there exist n 0 ∈ N m and h ∈ H such that
Consequently, (3.5) and (3.6) yield that
But note that
Since both Z(P i ) and Z(P j ) are extensive in N m , (3.8) and (3.9) imply that h i = h = h j . As P i and P j are arbitrary, we actually proved that h = h 1 = h 2 = · · · = h r . Thus, we may rewrite (3.3) as
Write n := n 11 n 22 · · · n rr . Then, by (3.10), for any
To complete the proof of Claim 2, we consider the action of σ on Z(N On the other hand, by (3.11), we have
Consequently, (3.12) and (3.13) yield that h −1 xh = x, from which one gets that h = 1 since Z(N On the other hand, by (3.14), we have Note that N/N 2 is of odd order, so, by Case 1, Out C (Ḡ) = 1. In addition, it is easy to see that σ ∈ Aut C (G) implies that σ|Ḡ ∈ Aut C (Ḡ). Consequently, we have σ|Ḡ ∈ Inn(Ḡ). Thus, there is g ∈ G such that σ|Ḡ = conj(g)|Ḡ.
(3.17)
By Lemma 2.5, without loss of generality, we may assume that g is a 2-element in G and hence g belongs to some Sylow 2-subgroup of G. By Sylow's theorem, there exists some Claim 4. σ ∈ Inn(G) and hence Out C (G) = 1. By Lemma 2.6, Claims 1 and 3 yield that σ ∈ Inn(G). As σ ∈ Aut C (G) is arbitrary, one obtains that Aut C (G) ≤ Inn(G). But note that Inn(G) ≤ Aut C (G), so we have Aut C (G) = Inn(G), i.e. Out C (G) = 1. This completes the proof of Theorem 3.1.
As a direct consequence of Theorem 3.1, we have the following corollary. In particular, the normalizer property holds for G.
Proof.
If H is of odd order, then G has a normal Sylow 2-subgroup and hence by Lemma 2.8 the assertion holds. It remains to consider the case in which H is of even order. Let K and C be the Frobenius kernel and a Frobenius complement of H, respectively. Then H = K C. If 2 divides |K|, then H has a normal Sylow 2-subgroup and hence by Lemma 2.7 the assertion holds. If 2 divides |C|, then Sylow 2-subgroups of H are either cyclic or quaternion and hence the assertion follows immediately from Theorem 3.1. We are done.
